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Overview

Crystal structures (basis, lattice, crystal, 
unit cells, lattice planes, miller indices, d-
spacing, reciprocal lattice, Ewald sphere)
Bragg’s law 
Scattering formulas for elastic scattering 
(mathematical foundation for elastic 
scattering, differential cross section)
Coherent vs. incoherent elastic scattering
Structure factor 
DW factor
Diffraction (constant wavelength, time of 
flight)
Rietveld refinement (powder, single 
crystal)
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CRYSTALS
Crystal, lattice, planes, Miller indices, reciprocal lattice
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Crystal Structure

Terminology Note: 
1) Crystallographers often call the basis the “motif”

2) Basis can also refer to the basis vectors of the lattice itself

A copy of the basis is placed at every lattice point. The basis can be more than a 
single object or atom.
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Cartoon from: Neutron Scattering - A primer by Roger Pynn

Unit Cell

Crystal structure is described by a 
building block called the unit cell and 
atomic coordinates inside the cell. 
Three dimensional stacking of the unit 
cell forms the crystal.

Unit cell
a box with 3 sides (of length a, b and 
c) and 3 angles (α, β and γ)

Location of atoms inside the unit cell 
are given by atomic coordinates:
(xi, yi, zi), fractions of a, b and c lattice 
constants. 
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Crystal definition

• A crystal is a periodic array, composed by tiling a unit cell in 
three dimensions.*

*Note: Such a definition is fine for most crystalline materials, until you reach quasicrystals and incommensurates.

The crystal is assumed to be infinite in extent and “perfect”; i.e., each unit cell is identical to every other
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(hkl) plane intercepts crystallographic axes a, b and c at

Miller indices (hkl) = three points used to 
identify orientation of a set of parallel planes 
of atoms within a crystal structure.

where h, k, and l are prime integers
l
c

k
b

h
a ,,

Lattice planes & Miller indices

lkh
1,1,1

fractional intercepts

Miller indices
h, k, l

intercepts

We will come 
back to this

reciprocals
of fractional intercepts

what does an 
index=0 mean? 
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Reciprocal lattice
3 vectors, {a*, b*, c*},  the normals to the Miller 
planes {100, 010, 001},  form the basis of the 
reciprocal lattice

Note: Crystallographers usually omit the 2π and refer to the space defined by the reciprocal basis vectors as reciprocal 
space. Physicists usually include 2π for convenience; this is more formally known as k-space, but physicists often call this 
reciprocal space too. Both are measured in Å-1 or nm-1 etc. This is confusing –get used to it!

Vector normal to 100 planes

Scaling by volume of unit cell
( )

)(
2*

cba
cba
×•

×
= π

The vectors a*,b*,c* are separated by α*, β*, γ*
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Assuming c* ⊥ (a*,b*):      a*=1/d100=1/(a sinγ)
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Note:
reciprocal 

lattice vectors 
define normals 

to planes in 
direct space

Formal, 
Mathematical 

Defintion
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Relationship between 
direct and reciprocal 
dimensions

The general case

The case every physicist 
hopes for (an orthogonal lattice)
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WAVES
Plane waves (static, travelling), spherical waves, interference
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Static (frozen) plane wave

Characteristic spacing of wave: wavelength, λ
Physics*: Wavenumber = |k-vector|: k = 2π / λ

Spectroscopy: Wavenumber: k = 1 / λ

Domain: Space. 
Inverse domain: k-space

* Strictly Angular wavenumber

k-vectoramplitude Initial phase

( )ϕ−= kxAxI cos)(

λ
π2

=k

Intensity (displacement) of a plane wave at any 
given position is:
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Travelling plane wave

Domain: Time. 
Inverse domain: Frequency

Characteristic time of wave: period, τ
Angular frequency, ω = 2π / τ

Frequency: ν= 1 / τ

Characteristic spacing of wave: wavelength, λ
Physics*: Wavenumber = |k-vector|: k = 2π / λ

Spectroscopy: Wavenumber: k = 1 / λ

Domain: Space. 
Inverse domain: k-space

* Strictly Angular wavenumber

k-vectoramplitude Initial phase
Angular freq.

( )ϕω −−= )(cos),( tkxAtxI

λ
π2

=k τ
πω 2

=

Intensity (displacement) of a plane wave at any 
given position x and time t is:
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Addition of 
waves

Adding two waves with the same λ and amplitude Α
but different initial phase yields another wave with 
the same λ: 

Phase 
matters!

http://farm1.static.flickr.com/67/192024526_3b2217bdd1.jpg

• Exactly in phase (∆φ = nλ): constructive, amplitude 2A.
• Exactly out of phase (∆φ =(2n+1) λ/2): destructive, amplitude 0.
• Intermediate phase: amplitude ~ [0,2A].
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SCATTERING
Wave-particle duality, scattering, cross-sections
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Wave-particle 
duality

14000 −≈= ms
m
hv
λ

What is the velocity of a neutron with λ =1 Å?

h = 6.626 x 10-34 J s and mN = 1.675 x 10-27 kg 

Nobel Prize 1929 for “for 
his discovery of the wave 
nature of electrons.”

Louis de Broglie

1892-1987

Double-slit diffraction of 
neutrons!

Zeillinger et al, Rev. Mod. Phys. 60 (1988) 1067.

Extension of the idea of wave-particle duality from 
light to matter: any moving particle or object has an 
associated wave particles can be wavelike!

Everything has a wavelength!

E = mc2 = (mc)c = pc = pνλ = hν

mv
h

p
h

==λ

Maximum speed of a Ferrari: 105.5 ms-1

Cruising speed of a modern jet airliner: 250 ms-1

Speed of Apollo 10: 11,082 ms-1

For a baseball (m=0.15kg) moving at 30 ms-1: λ = 1.5 x 10-24 Å
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Scattering by a fixed 
single nucleus

Squared modulus=b2/r2, 
neutron is found with 
same probability in any 
direction but with 
amplitude b/r: b is 
scattering length (n-N 
interaction strength),1/r
to account for 1/r2 
decrease in intensity as 
scattered wavefront 
grows in size with r.

Squared modulus =1 
anywhere, neutron is 
found with same 
probability at all 
positions!

Incident plane wave: eikx Scattered spherical wave: ikre
r
b

−

The spatial extent of the 
potential is exaggerated to be 
able to show it here on the 
same scale!

Neutrons interact with matter via nuclear force: very short range ~10-15 m, 
size of a nucleus ~100,000 times smaller than distance between centers! 
Nucleus → point scatterer (isotropic scattering)!
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Φ
=Ω

Ω
= ∫

secondper  scattered neutrons ofnumber  total4

0
d

d
dπ σσ

Total number of scattered neutrons in all directions 
(units: barn=10-24 cm2)

ΩΦ
Ω

=
Ω d

d into secondper  scattered neutrons ofnumber  
d
dσ
Differential cross-section:

Total cross section: 

Detector measures all the neutrons into 
solid angle dΩ in the direction of (θ, φ) at r. 

Incident flux: Φ=number of incident neutrons/cm2sec

Incident neutron beam directed along polar is 
scattered by the sample along (θ, φ). 

Scattering cross 
sections

Partial differential cross 
section (implies integration 
over all energies or no 
energy analysis). 
Normalized wrt r and Φ.
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Incident flux: Φ=number of incident neutrons with a velocity v
passing through a unit area:

Φ = v | ψincident |2 = v
Νumber of scattered neutrons with a velocity v passing through 
area dS:

v dS | ψ scattered |2 = v dS b2/r2 = v b2 dΩ

Cross-section for a fixed 
single nucleus

2
2

d
d

d
d into secondper  scattered neutrons ofnumber  bvb

d
d

=
ΩΦ
Ω

=
ΩΦ

Ω
=

Ω
σ

2
total  4 bπσ =

Plane wave: ψ =eikr

∴ ψ.ψ*=1

Spherical wave, ψ= b/r eikr

∴ ψ.ψ*=b2/r2

For the mathematically non-inclined, this is the 
main (unsurprising) result: that the intensity of 
the scattering (aka the total cross-section, σtotal

)

is 4-pi times the scattering amplitude (scattering 
length, b) of the scatterer
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Scattering by many 
fixed nuclei

)-(δ2)( j

2

Rrr ∑=
j

jb
m
πV Fermi pseudo-potential for an 

assembly of nuclei at positions rj is:
m is neutron mass, δ is Dirac delta function, bj are 
scattering lengths.
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Double sum over all of positions of nuclei in the sample. 

The complex quantum mechanical scattering interaction between neutron beam and nucleus can be replaced by a simple 
effective potential, called the Fermi pseudo-potential. 

Fermi pseudo-potential
Incident and exiting 

neutron plane waves

Normalization
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Coherent and Incoherent 
Scattering

( ) jj
j

jkjk
i AAAe

d
d   .QR j ∑∑∑∑ −+===
Ω

22

kj,

2

k
kj,

j

2

j
j bbbbbbσ

incoherentcoherent

Differential 
cross-section:

Mean Variance

Contains correlations between different 
atoms (j,k)  at the same time, which 
therefore gives interference ⇒ diffraction 
peaks

Contains correlations between the same atom (j) at different 
times, which does not give interference ⇒ hence, no peaks: 
“background” for diffraction

We need to consider averages and variances in b even for monatomic solids: e.g., Cl
and Na, an individual atom may be of a different isotope (Cl) or one isotope in a different 
spin state (the only source for Na)

Handwaving: See Squires p21 for proof

×
×+

=

4π (coh b)2

+ =
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Considering interatomic distances ~1 Å, can it be 
done with visible light?

Tai Po, Hong Kong

http://upload.wikimedia.org/wikipedia/commons/b/b5/Water_diffraction.jpg

Diffraction

EM spectrum from: http://sscws1.ipac.caltech.edu/Imagegallery/image.php?image_name=bg002

http://neutrons.ornl.gov/aboutsns/importance.shtml#neutron, Gary Mankey (U Alabama)

electronX-ray
neutron

Diffraction

Can be done with X-rays, electrons and neutrons!

How to determine crystal structure? 
Diffraction is the main technique! 

Reflection of radiation from crystallographic 
planes modelled by Bragg’s Law.

http://neutrons.ornl.gov/aboutsns/importance.shtml�
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Wavelength and 
grating pitch

n, X

vis

Quasi-crystalline packing of SiO2.nH2O

λ~Å

Much of the effect in opal 
is diffraction of (white) light

λ~100s nm

crystal Crystallographic diffraction pattern

http://en.wikipedia.org/wiki/File:Close-packed_spheres.jpg�
http://en.wikipedia.org/wiki/File:WLA_hmns_Fiery_Opal_Opalville_Mine.jpg�
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Diffraction: single nucleus

http://www.webexhibits.org/causesofcolor/images/content/3doubleslit.jpg

Single nucleus: analogy with diffraction of light: 

incident waves = plane waves 
nucleus = ideal point scatterer 

Nucleus scatters the incident neutron beam 
uniformly in all directions:

scattered waves = spherical isotropic waves.  

x

y

k

k

Incident plane wave eikx

Scattered circular 
wave -b e /rikr

Scattering centre at =0r

r

nucleus
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Diffraction: 
many nuclei in a crystal

crystal

Many nuclei: analogy with diffraction of light again: 

incident waves = plane waves 
nucleus = ideal point scatterer 
scattered waves = spherical isotropic waves. 

Diffraction due to interference between waves 
scattered elastically from nuclei in the crystal.
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Bragg’s law: Direct 
Space

Diffraction: neutrons interact with nuclei → scattered in all directions by 
every nucleus they encounter. Scattered waves from different nuclei 
travel different distances → acquire different phase → interfere as they 
add up! 

AB + AC = nλ

2d sinθ =nλ
Bragg’s Law

Diffracted beams add up 
only in certain direction 
determined by d-spacing 
and wavelength!

Constructive interference 
of waves scattered from two 
lattice points A and D in 
adjacent planes:
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Bragg’s Law: 
Direct Space ⇒ k-space

θ θ

ki kf

-Q

θ

• k = 2π / λ
• k = |ki| = |kf|
• Q = 2π / d
• Q = 2 k sinθ

ki

2θ
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ki kf

• k = |ki| = |kf|
• Q = 2 k sinθ
• k = 2π / λ
• Q = 2π / d
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ki kf

• k = |ki| = |kf|
• Q = 2 k sinθ
• k = 2π / λ
• Q = 2π / d

ki
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ki kf

• k = |ki| = |kf|
• Q = 2 k sinθ
• k = 2π / λ
• Q = 2π / d

-kf

ki

ki
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ki kf

• k = |ki| = |kf|
• Q = 2 k sinθ
• k = 2π / λ
• Q = 2π / d
• Q = ki - kf

-kf

ki

ki

Q
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• k = |ki| = |kf|
• Q = 2 k sinθ
• k = 2π / λ
• Q = 2π / d
• Q = ki - kf

-kf

ki

Q
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kf

• k = |ki| = |kf|
• Q = 2 k sinθ
• k = 2π / λ
• Q = 2π / d

ki

Q

•It is a graphical representation of the 
equation Q=ki-kf.
• It also represents the condition of 
conservation of momentum (hk)
•Bragg scattering conserves energy and 
momentum

•This triangle is a very important 
construction for scattering.

Bragg’s Law in 
k-space

2θ
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Ewald or
Reflecting Sphere

• For Bragg diffraction ki=kf, 
and the ∆ is an isosceles. 

• ∴can construct a sphere 
(circle in projection) with 
r = k = |ki| = |kf|, touching 
the origin.

• Scattering Condition:
Bragg scattering 
(constructive interference) 
occurs when a reciprocal 
lattice point lies on the 
surface of the Ewald
sphere. 

kx

ky

ki kf

Q
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How is it related to 
experiment?

The number of scattered neutrons as a function of Q 
is measured. The result is the scattering function S(Q) 
depending only on the properties of the sample.

Bertram Neville Brockhouse
Elastic scattering

Q = ki – kf

Conservation of momentum

Momentum transfer= ħQ with |Q|= Q=4π sinθ/λ

kf

ki

Incident beam

Scattering vector

2θ
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SCATTERING AND 
STRUCTURE

Structure factor, intensity, Debye-Waller factor, Rietveld
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x

y

0 2π

4π

π

3π

F(110) = fgrey - fcyan

•Partial 
reinforcement and 
cancellation give 
structural info to 
the intensities.
•Complete 
cancellations due 
to symmetry ⇒
systematic 
absences

Structure Factors and 
Intensities

x

y

0 2π 4π

6π

8π

F(220): fgrey + fcyan
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Form Factors

• The form factor, f(Q) is the Fourier Transform of the 
scattering density ρ(r)
– for neutrons it is in the form of a δ-function
– for X-rays the electron cloud distribution.

{ }drirQf ∫
∞

⋅=
0

rQexp)()( ρ
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X-ray atomic form factors

Low angles, 
little path difference

High angles, 
greater path difference

X-ray: Destructive interference 
is possible at high angles 

due to finite size of electron cloud
⇒ form factor

Neutron: Nucleus is orders of 
magnitude smaller than neutron 

wavelength 
⇒ no form factor

Neutron

X-ray

(Sin θ)/λ 108cm-1

1

5

4

3

2

1

10-12cm

K-atom
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Debye-Waller Factor

• a.k.a Temperature Factor, Atomic Displacement Parameter
• Mean squared displacement, u2, due to vibration or static disorder 

increases the effective size of the scatterer (atom). [Note the effect is 
similar to the X-ray form factor: faster fall off of intensities]

• A finite-sized object has a shape function (form factor) that decays in |Q|, 
where Q=ha*+kb*+lc*.

{ } { }22exp(2exp )( uQlzkyhxibhklF
i

iiii −++= ∑ π

0

0.2

0.4

0.6

0.8

1

1.2

0 1 2 3 4 5 6 7 8 9 10

Q (A-1)

ex
p(

-Q
2 .u

2 )

u=0.05A
u=0.1A
u=0.15A
u=0.2A

Danger Will Robinson, 
danger, danger: There 
exists a confusing array 
of standards <u2>, U, B, 
β with a variety of 
different prefactors. 
Check the definitions.
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Single Crystal vs
Powder

• Single crystal diffraction gives specific diffracted beams 
in (θ,φ) as intersections (solutions) on the Ewald sphere.

• Powder diffraction has grains in all orientations resulting 
in conic solutions to scattering for each hkl
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Diffraction Pattern
– seeing the wood 

for the trees

• Many peaks. Each individual peak has three characteristics: 
(1) position (2) intensity (3) shape. When put together:

• Positions: Size and shape of unit cell (via Bragg’s Law)
• Intensities: Positions of atoms in unit cell (via Structure 

Factor)
• Shape: Size and shape of coherent entities (grains/domains)

Hundreds 
of Peaks

Fine
Structural

Detail
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( ) iik
k

kk
calc
i bkgrdAFLPsy +Γ= ∑ θ22

• Rietveld overcame problem of moderate overlap by fitting whole pattern 
simultaneously – not decomposing pattern into individual peaks

• Start with model of crystal comprising symmetry, unit cell, atomic positions, 
absorption, preferred orientation etc.

• Calculate pattern in absolute units and scale to observed pattern

Scale
factor

Lorentz & Polarisation factors

Structure factors
of contributing hkl’s 

at point i

Usually modeled by
a flexible polynomial function

absorption

Peak shape function

Rietveld 
Refinement

Data Model
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Rietveld 
Refinement –2

• Minimize mismatch between calc’d and obs’d patterns 
using penalty function of 

wi~weight=1/yi. yi~intensities at point i in pattern (calc’d and obs’d)

• The highly non-linear problem is usually approached 
by least-squares minimization. Non-linearity ⇒

1. need to approach global minimum via iteration
2. Need to be “close” to solution near start (i.e. need good starting 

model)

( )2∑ −=
i

calc
i

obs
iy yywS

i

( )
( )∑

=
∑ −

i

obs
ii

i

calc
i

obs
ii

yw

yyw

wpR 2

2
Many R-factors of which Rwp is 
the only one with any real 
statistical meaning.
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