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Overview
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» Why neutrons

» Crystal structure

» Diffraction

» Bragg’s law

» Mathematical foundation
of neutron scattering (elastic)

» Scattering from one fixed nucleus
» Scattering from many fixed nuclei
» Relation to Bragg'’s law

» Structure factor

> Reciprocal space e aqd tomorrpw:
» Brillouin zones inelastic scattering!
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Remember what
you learned
about the 1§
properties of
neutron from
lan’s lecture:
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Why neutrons?

Noutrons are neutral particles. Thoy

- are highly penetrating

- can be used as nondestructive probes, and

- can be used 1o study samplés in savene emaonments

The wavelengths of neutrons are similar to atomic
pacing. They can determne

# - cfystal structures and atomic spacing, and

- other structural information,

Neutrons “see” nuclel. They
arn sensitoa to ight at
can exploll isolopss substiution, and

can use contrast variation to differentiate complex
malecular sinacisres

The energies of tharmal neutrans ane similar 1o the
energies of elementary excitations in solids. Hence
hey can be used o study

- lattice dynamics, and

- moleculir dynamics

Neulrons have a magnetic moment. They can be
used 10 shudy

- micrascopic magnelic struciure, and

- study magnatic fluctuations.

+- Neulrons have spin, They can be
Q - foemned into pofarized i beams, and
- used 1o study complex magnetic structures and dynamics,
i
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' Neutron scattering

Neutron is scattered by matter via:

> interaction with nucleus structural studies, this lecture

» interaction with spin of unpaired electrons, magnetic
scattering Dominic Ryan’s Lecture

These interactions can be:

» elastic (diffraction)

» inelastic  (spectroscopy) dynamical studies, tomorrow
analysis of the energy of scattered neutrons provides
information on excitations (lattice vibrations and magnetic
excitations)

structural studies, this lecture
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Crystal Structure

P
What is a crystal?

A three dimensional periodic array
of atoms.

An ideal crystal = infinite repetition *
of identical structural units (single
atom or many atoms/molecules) in
space.

it v 10xmineras comispecimensimineralspocimens. il

a, B,y #90°

The structure of all crystals can be
described in terms of a lattice, with
a group of atoms (basis) attached to
every lattice point. Repeat of basis
in space forms crystal structure.
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Crystal Structure

basis lattice
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Why study crystal structures?
d state physics: crystals

and electrons in crystals

Early 1900’s: solid state physics began with discovery of x-ray diffraction
by crystals and successful predictions of the properties of crystals!

Nobel Prize 1901 for
“his discovery of x-
rays.”

'ih 8 B B -
k9860 2 i o
Nobel Prize 1914 “for his discovery of Nobel Prize 1915 “for their services in the analysis of crystal X »
the diffraction of X-rays by crystals™ structure by means of X-rays" .
> to describe solids @

> be able to compare materials

> to predict physical properties
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P Why study crystal structures?

7 An example: HTSC
e [ Tetragonal Orthorhombic

- ¥BaCu0, ' YBa Cu,0,
Increasing oxygen " * g : L aadi ]
content beyond a a9 °F4 e °9 %de ¢
critical value induces a oo *Ewe ! <o
structural transition ) ! ]

= I 3 one
and HTSC! T Bl i
b e Je ' o "8 o
L-] °
Insulator Superconductor L . : “I:I"’ o8
2| !
=} | o
=l |
w o g
1o
05 20 "o
Tc T 1 :O
Physical properties are ] L o o
correlated with crystal structure. b 2 64 64x 3 7t
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7 Unit Cell

Crystal structure is described by a -
building block called the unit cell and s
atomic coordinates inside the cell.

Three dimensional stacking of the unit
cell forms the crystal.

Unit cell

a box with 3 sides (a, b and c) and Tc
3 angles (o, B and y) A,
—
Location of atoms inside the unit cell ‘r, |
are given by atomic coordinates: r" |
(X, Vi, Z;), fractions of a, b and c lattice /-_______ﬂ_l/‘"?
constants. @
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Unit Cell

Conventional unit cell = 3D repeat unit of a crystal with
full symmetry of the structure, not always the smallest
possible choice.

Primitive unit cell = minimum-volume cell when stacked
completely fills the space, not always dlsplays aII
symmetries in the crystal.

An example: fcc crystal

Unit cell = fcc
Primitive cell = rhombohedral
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7 Unit Cell: more examples

P ——
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'Lattice planes & Miller indices

Periodic arrangement forms planes of atoms.

Crystallographic directions = imaginary lines connecting atoms.
Crystallographic planes = imaginary planes connecting atoms
in different directions.

Some directions and planes have a higher density of atoms.

5 000

d-spacing = perpendicular distance 2279 399

between pairs of nearest planes. 3_3 -’3 2299
> 34

All planes in one direction are identical. @_ & 33 “3 ;3 3

R 1333344

How to |dent|fy/lfabe|_the_ planes: 4992232299

Miller indices 2992333330
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|
P i

Miller indices (h k 1) = three lattice points
used to identify orientation of a set of parallel et

planes of atoms within a crystal structure. o
(h k1) plane intercepts crystallographic axes a, b and ¢ at
a b c
H' E' T intercepts what an index=0
?
where h, k, and / are relatively prime integers means
11

1
— = = fractional intercepts

’ 1
h k I We will come
back to this

_
h k| Gecprocals: =
Miller indices of fractional intercepts
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Lattice planes & Miller indices
examples:

Planes separated by
one unit cell or a
fraction of a unit cell
pass through
equivalent atoms
throughout the crystal.

Can you identify (010), (030), (110), (-110) and (120) planes?

Notice larger Miller indices mean closer spacings (reciprocal)!
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Planes & c
d-spacing

F——
Orientation of a plane is defined by direction
of its normal vector: n,,, = ha* + kb* + Ic*

a*:ZHbXC,b*:Zﬁ&,C*:Zﬁa\jb
V=a. (b x c) (real space unit cell volume) ”\ . aih a
ab
a*.a=1,a* b=0, whatabouta*.c="? (H*;] My =0
H . a a n 2
d-spacing:d,, :ucos¢:u. hd_ _
h h Inhkl | |nhkl |

4r®

2 2 2
2 1 h° k° |1
——=|ny | et —— = — 4 —+ — AWhat aboutyy
hil o a b? % ‘riclinicr "5
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Diffraction

F—
How to determine crystal structure?
is the main technique!

Reflection of radiation from crystallographic .
planes modelled by Bragg’s Law. '

Considering interatomic distances ~1 A, can it be *

done with visible liaht?
GAMMA RATS 1.0 W VSEE NRARED WCADES g

/WA

WA L L WL jm L e

Diffraction

x-fay

neutron electron
Can be done with X-rays, electrons and neutrons!
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' Wave-particle
/ duality

F——

Extension of the idea of wave-particle duality from
light to matter: any moving particle or object has an
associated wave — particles can be wavelike!

Nobel Prize 1929 for “for

Everything has a wavelength! h h i discoury of e wave
E=mc?2=(mc)c=pc=pvi=hv 5 _ ' _ -
Mot = (mOJe =pe =PRIV = — -

s Double-slit diffraction of | p mV ‘
BVaE L neutrons!
- { What is the velocity of a neutron with 4 =1 A?
h=6.626 x 103 J s and my = 1.675 x 10? kg
h Wasimur spes ot erar: 1055 e g
\\ V = —— 2 4000 MS cersoso o norzmer £ €
mA

Crising spee of a madern o arner: 250 s

Pr——

.
I, o s o oo Fora et ek movng o 13510 )
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Diffraction: single nucleus

Single nucleus: analogy with diffraction of light:

incident waves = plane waves
nucleus = ideal point scatterer

Nucleus scatters the incident neutron beam
uniformly in all directions:

Scattered circular
scattered waves = spherical isotropic waves. wave-b e"/r
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Diffraction:
many nuclei in a crystal

P ——
Many nuclei: analogy with diffraction of light again:

incident waves = plane waves
nucleus = ideal point scatterer
scattered waves = spherical isotropic waves.

Diffraction due to interference between waves
scattered elastically from nuclei in the crystal.
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Wave description

/ ffraction due to interference between waves
scattered elastically from nuclei in the crystal.

P ——
Intensity of a wave moving with a velocity v along x- nificl phase=0
direction, at any given position is: Initial phase =23
1 (x,t) = Acos((kx — et) — )
3
Angular freq =
amplitude Cvactor or 27 nitialphase £
k=" w=— <
A T
A T
—
/\ /\ ‘ /\ ™\ Phase velocity:
: g v=2AIr
\/ \ \/ \ vV =Av
k-vector: k=2n/ 4 angular frequency, @=2n/ ¢ V = o / k
Wave number: k=1/ 2 Frequency: v=1/1¢
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Addition of ..
waves

P ——
Adding waves with the same wavelength but different initial

phase:
» constructive: if exactly in phase (A$ = 2n),
maximum possible amplitude.

» destructive: if exactly out of phase (A¢ =n),
zero amplitude.

» anything between: if partially out of phase
(A¢), anything between amplitude.

in phase out of phase
— | = .

=

— |

=
=

+.

iVl

I
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Wave description
Complex form
Imaginay

\

P ——

What is a complex number? Consider a
point (vector), Z = (x,y), on a 2d Cartesian
coordinate system with x=real
component,y= imaginary one:

= x+jy= Acos(p) + iAsin(qI
i=y-1, Euler's theorem:e'* = cos ¢ + isin ¢

I = Acos(kx — wt — @)

Can a plane wave —Re { Ae.(kwlff,,)} These exp.
be considered as a = ogressonsare
vector in this 1 1 the %, Re, or +c.c.

system? =3 Aeitocat-e) L pqitoeatg)

Amplitude = magnitude of vector: | Z [ = ZZ* = Re{ Z }*+Im{ Z }?
Phase= angle of vector & horizontal axis: tan(¢)=Im{ Z }/Re{ Z }.
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Addition of waves:
Complex form

Using complex exponentials one easily can see adding waves of the same
wavelength but different initial phase, results in a wave of the same wavelength!

F(x,t)= Feilkeat-9)

_ {Fefiw}{ei(kxfwl)}

— F_ gitkcan
—'o

F (x,t)=F e® ™ F gy |
~ tot -1 ~2

=(F +F +.)e/tx
-1 -2

=(be'? +b,e' +...) e’

—F eitean
~ tot

where
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'Diffraction from crystals:
Bragg’s law

P ——

e —

> Crystals diffract radiation of a similar order of s
wavelength to the inter-atomic spacings. | A———

» This diffraction is modeled by considering the “reflection” of
radiation from equally spaced (d) planes:

Bragg’s Law: 2d sind=nA

Bragg’s law + d-spacing equationc——>solve a variety of problems!
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iffraction from crystals:
/ Bragg’s law
P ——

Diffraction from a single layer of atoms: Specular reflection.

Similar to reflection of visible light of a smooth surface like a
mirror.

Incident beam reflected beam

Constructive
N Diffracted beam appears
interference of waves

as if it was reflected from

scattered from the two
successive lattice points
Aand B in the plane:

AC =DB
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'Diffraction from crystals:
/ Bragg'’s law

P ——
Diffraction: neutrons interact with nuclei — scattered in all directions by
every nucleus they encounter. Scattered waves from different nuclei

travel different distances — acquire different phase — interfere as they
add up!

. ) incident beam reflected beom)
Constructive interference

of waves scattered from two
lattice points Aand D in
adjacent planes:

AB + AC =njA

Diffracted beams add up
only in certain direction

determined by d-spacing
and wavelength!

Bragg’s Law
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' More on Bragg’s law

——  2d sinf=ni

> Diffraction peaks observed only when — &= &% o =
successive planes scatter in phase (it is "<
relative phase that matters): Coherent — —M

scattering from a single plane not sufficient.

» For a set of lattice planes diffraction occurs only at a particular

angle given by Bragg’s law. Larger d-spacing — smaller diffraction angle:
inverse relation between d-spacing and q (reciprocal space).

» No Bragg'’s scattering when 1 is larger than 2d,,, (largest

spacing Bragg planes in a material). This is why visible light cannot be
used. What is the incident angle for A=2d.,?

max ¢
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More on Bragg’s law

cicient bearm

— 2d sing=n\

., 0~ o
> Planes must pass through same points — " S ~'.';'
in all the unit cells in the crystal to diffract S]"<
in phase. Only if planes cut all the 3 cell edges — _M— —]
an integral number of times, unit cells diffract in *arrumitert bacey
phase.

. " d .

» Miller indices used to label the planes:d,,,, =—*—2dy,, sin 6 = A.
Only need to consider the n=1 values, since higher valuel of n for the (hkl)
planes correspond to the n=1 value for the (nh nk nl) planes.

» Plane of “reflection” bisects the angle between incident and
scattered beams: 26 is measured in experiment. Either (a) rotate the

sample (single crystal) or (b) have lots of crystals at different orientations
simultaneously (powder).

Canadian Neutron Beam Centre
P’ Mathematical foundation
/ of neutron scattering
Reminder: neutron can be thought about as a wave! described
by a wavefunction, .

Probability of finding a neutron at a given point in space

ly P=yxy’

Neutron wavevector k: a vector pointing along neutron’s trajectory.

2
Wavevector magnitude: k = |k | = 77[ =2mmv h.

10
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How is it related to
experiment?

Bertram Neville Brockhouse
Elastic scattering r

Scattering vector

f

Conservation of momentum

Momentum transfer= hQ with |Q]= Q=4 sin6/A

The number of scattered neutrons as a function of Q
is measured. The result is the scattering function S(Q)
depending only on the properties of the sample.
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Scattering by a fixed
single nucleus

Neufrons interact with matter via nuclear force: very short range ~10-"5 m,

size of a nucleus ~100,000 times smaller than distance between centers!
Nucleus — point scatterer (isotropic scattering)!

ikr

b
. i tt herical =
Incident plane wave: €KX Scattered spherical wave p e

Squared modulus =1

anywhere, neutron is Squared modulus=b?/r?,
found with same neutron is found with
probabilty at all same probability in any
positions! d\rec‘non but wwlh
amplitude b/r: b is
scattering length (n-N
interaction strength), 1/r
— to account for 1/r2
/ Fiei decrease in intensity as
/ scattered wavefront
=107 A L ~ grows in size with r.
The spatial extent of the r
potential is exaggerated to be
able to show it here on the
same scale! H
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' Scattering cross
/ sections | . "

Incident flux: ®@=number of incident neutrons/cm?sec ' .

Incident neutron beam directed along polar is
scattered by the sample along (6, ¢).

Incident

Detector measures all the neutrons into neutions

solid angle dQ in the direction of (6, ¢).

Differential cross-section:
do _ number of neutrons scattered per second into dQ &y imries mecraton
do ddO aneray ey
Total cross section:

4z d total number of neutrons scattered per second
o=[ Gat- :

D Total number of scattered neutrons in all directions
units: barn=1024 cm?)

11
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'Cross-section for a fixed
single nucleus
Incident flux: ®=number of incident neutrons with a velocity v
passing through a unit area:

@ =V | Yingigent |2 =V

Number of scattered neutrons with a velocity v passing through
area dS:
Vv dS | Yscattered |2 =vdS b%r2=vb2dQ

do _ number of neutrons scattered per second into dQ _ vb’dQ _
aQ ®dQ DdQ

=47 b?

b2

O-total
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cattering by many

/' fixed nuclei

F——
Measures scattering intensity is the sum of
scattering from each individual nucleus!

Pseudo-potential (Fermi): interaction between a
neutron and a nucleus is replaced by a much weaker
effective potential.

Perturbation approximation (Born): effective
potential is weak enough to use perturbation in
calculating scattering!

Scattering law (Van Hove): probability of a neutron
wave k; being scattered by V(r) into outgoing wave of E‘
ks is:
2 ‘ 2

Ue"‘i'rV(r) e dr jV(r) edr g > ;
Integration is over the volume of the sample. f - .

. Canadian Neutron Beam Centre
- _ Scattering by many
B> fixed nuclei
P ——
" : 27’
Fermi pseudo-potential for an V(r)= 72 bs(r-R))
assembly of nuclei at positions r; is: m 5

m s neutron mass, 5 is Dirac delta function=1at
position r and zero elsewhere, b, are scattering lengths.

2 ) 2

zbleiR‘.Q
y :

2
= Zk:btbkAlk :Z(:EZAJK +Z(b2 752)/\1
i [ i

coherent incoherent

2 2
m 2707 Qg
5 2) ‘[}j bJ(TJa(r—RJ)e dr

2

Si(R¢-R;).Q
=Y bpe
ik

Double sum over all of positions of nuclpi in the sample.

dl:zbe'R‘Q
d 5

12
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More on scattering
by many fixed nuclei

do _ b, e ™ =S b,
- 2

T&(r—(RJ -R,))e " dr

—»

do ) T , .

_ -irQ

Forb=b: | o =Nb? [G(r)e ™ dr | Fourier
] dQ 2 transform of

pair correlation

G(r):%Zé‘(r_(Rj -R,)) function G(r)
ik

Intensity is proportional to Fourier transform of pair correlation
function (probability of finding two atoms being a certain
distance apart). Scattering gives information about correlations
between positions of pairs of nuclei.
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valuating the double sum

\ _gfa

2
d i (R

e

i ik

One single nucleus: g—g =b* = 0y =47 b? _
=0 N1
1D periodic N N-1 1_gNea : o
arrangement |F(Q)=bY e = by (%) =b 1_e@
of N nuclei: =0 = e
d sin(3NaQ) .

o . )
E=F(Q)XF Q=b

sin(ZaQ)
Non-zero only when aQ=2rnm, m integer — Q=2nm/a
Reciprocal! W
e e )

In3D: LT T A T

a.Qgog=21M, b.Qgogs=21N,€.Qpg4=21P \ I\ i\

m, n, p: integer

For many repeats the peaks become very narrow (Bragg peaks). The
width of the peak is a convolution of the instrumental resolution with the a aQ

correlation length: grain size, magnetic correlation length, etc...

2
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'kelation to the
/ Bragg’s law

P —
Orientation of a plane is defined by direction
of its normal vector: n,,, = ha* + kb* + Ic*

bxc’b*=2”c\javc*=2”axb

a*=2rx

Does n,,, satisfy the following condition?

Scattering triangle

In 3D:
a.Qgag=21M, b.Qgagg=21N,€.Qpag4=21 ek

K
-

m, n, p: integer i Py

Laue condition . &
le | =l =k = §

. A . ‘o E -
|QB,agg|:2ksmo9:75m0:|nhk, |:d— N N

hkl e P

T 2dygSinO=A >

13



Canadian Neutron Beam Centre

any nuclei: Structure factor
di_ iR;.Q
e 7‘;”

Position of nucleus j is given by: R;= T+ r; where T is lattice
translation vector, qis the position of nucleus relative to the cell

origin. R0 iTG irj G
FQ= Xbe™®= Y™ Yo"

allnuclei lattice basis
e —;

2
_ zbjbkea(m—a,) Q :‘F(Q)‘z
ik

Struct Factor: N Structure factor
Fhk| _ Z b .ei27r(huj +kvj +Iwj)
]

basis Complex number

Example: Structure factor for BCC structure:
r,=(0,0,0), r;=a(1/2,1/2,1/2): Fy =b[1+eir(++]
Fra=2b for h+k+l=even, 0 if h+k+l=odd.
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Recl&rocal Space

eciprocal 1 FR 8
diffraction o
= - features so far? " g7
» Inverse relation . Tyl | g 3] 4
between d and 6. 2d,, sin6 =L R ——r]
> Miller indices: 1 h* k? 12 Diffraction pattern is
reciprocal (or inverse) q2 a + 3 + 2 only indirectly related to
of unit cell intercepts. il real space crystal lattice!
I K ; it represents reciprocal
> Intensity is do _ N b? _[G(r) e dr Iatti‘():e directly. P
proportional to Fourier aQ bt i
transform of pair 7] 8 e o eckoocal o

correlation function! )
reciprocal lattice:
Reciprocal lattice vector: G, = ha* + kb* + Ic*

Compare with real lattice: T,,, = ua + vb + wc

Reciprocal unit cell vectors:
a* = Gygg, b* = Gpyg, €* = Gy

|a*| = 2n/d,gq [b*| = 2n/dg4q , [€¥| = 271/dgo4

Canadian Neutron Beam Centre

F——
Bragg condition in reciprocal
space for elastic |k;| = |k:

Brillouin zones are widely
used in condensed matter
physics: theory of electron

Bragg'plane bands and other types of

excitations.

Q=k— ki — (Q + k)2 = k?
2Q.k=Q?

Can you see this is equivalent to Bragg's law? " Brillouin zones for a 2d square latiice: _

Geometrical interpretation of Bragg
condition: k must end on a Bragg
plane to have a constructive
diffraction!

Brillouin zone surfaces exhibits all the
wavevectors that can be Bragg-
reflected by the crystal.

14
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' References and further
/ readings

» Squires, Introduction to the theory of thermal Neutron Scattering. Dover.

> Shirane, Shapiro, Tranquada, Neutron scattering with a triple-axis

spectrometer, basic techniques. Cambridge University Press.

» Willis and Carlile, Experimental neutron scattering. Oxford University

Press.

» Lovesey, Theory of neutron scattering from condensed matter, Oxford

University Press.

» Pynn, Neutron scattering: a primer. Los Alamos Neutron Science Centre.

» Warren, X-ray Diffraction. Dover.

» Kittel, Introduction to solid state physics. Wiley.
» Ashcroft and Mermin, Solid state physics. Saunders College.

» http://www.ncnr.nist.gov/resources/n-lengths/.
» http://neutrons.ornl.gov/science/index.shtml.
» http://www.neutron.anl.gov/reference.html.

» http://neutron.nrc-cnrec.gc.ca/home _e.html.
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